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One particularregime of forced response, occurring atmuch lower frequencies than the blade-passingfrequency,
is the so-called low-engine-order (LEO) forced response. The source of LEO excitation is a loss of symmetry in the
� ow, such as that caused by stator blade throat width variations, � ow exit angle variations, perturbations in the
passagecooling � ow,or temperature distortions.Using a3D integrated time-domainaeroelasticity code, parametric
forced response studies were conducted for a high-pressure turbine stage with 36 stator and 90 rotor blades. Both
whole-annulus and sector models were used to investigate the effects of individualand combined LEO parameters.
For individualparameters, the amplitudeof theexcitationwas, proportionalto the imposedvariation.For combined
cases, the total excitation was found to be determined by the phasing between the individualexcitations.A ballpark
comparison suggested that LEO and blade-passing forced response vibration amplitudes were similar for typical
variations of the controlling LEO parameters.

Introduction

A PRIMARY mechanism of turbomachinery blade failure is
high-cyclefatiguecaused by vibrationsat levels exceedingthe

material endurance limits. Such a situation occurs when a forcing
function, created by various distortions in the high-speed air� ow,
acts on a blade row with a frequencyand spatial distributionsimilar
to a natural mode of vibrationof the assembly.What is of interest is
the strength of the blade response under the effect of the unsteady
aerodynamic forcing, hence, the term forced response. (Blade mis-
tuning,or small blade-to-bladedifferencesdue to manufacturingtol-
erances, can have signi� cant in� uence on forced response levels.1;2

Here, it is proposed to deal with tuned rotor assemblies only.) Dur-
ing the design and development of gas turbines, it is essential to
identify components that are likely to suffer high vibration with a
view to minimize their response amplitude to prevent high-cycle
fatigue failures.

From the outset, it is appropriateto distinguishbetween two types
of forced response. The � rst type, blade-passingforced response, is
due to the excitation forces generated by the rotation of the bladed
systempasta pressure� eld, the strengthofwhich variesperiodically
with angular position around the turbine. Such � ow variations are
mainly caused by the stator blades, which act as upstream obstruc-
tions, and the rotor blades experience their wakes as time-varying
forces with a frequency(or periodicity)based on the rotation speed.
The spatial distributionof the forcing functionwill primarily be de-
termined by the number of upstream stator blades and by its aliases
with respect to the rotor blades. A Fourier transform of this forc-
ing function will reveal harmonics that will typically excite high
nodal diameter modes because their actual order is related to the
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blade numbers in the rotor/stator row of interest. Turbomachinery
designers rely on Campbell diagrams (or their variants) that indi-
cate the likelihood of encountering forced response resonances of
the � rst type within the operating range. In principle, it is then pos-
sible to design the rotor wheels away from the primary resonances,
subject to being able to predict the assembly’s dynamic behavior
to a required degree of accuracy. However, an accurate prediction
of absolute vibration levels for rotor blades is fraught with many
dif� culties because of uncertainties in structural damping, blade
mistuning effects, and multi-blade-row interactions.

The secondtypeof forcedresponse,the main subjectof this paper,
is somewhat more dif� cult to deal with because the controlling pa-
rameters and the exact excitationmechanismare poorlyunderstood.
However, the unsteady aerodynamic forcing function is known to
be composed of low-order harmonics because it is responsible for
exciting low-order nodal diameter assembly modes, hence, the term
low-engine-order (LEO) forced response. The main characteristics
of the LEO forced response in turbine assemblies can be summa-
rized as follows.

1) It occurs at high speed and temperature, and it tends to persist
throughout the engine, affecting high-pressure (HP), intermediate-
pressure (IP), and low-pressure (LP) turbines.

2) It excites low nodal diameter fundamental blade modes that
exhibit higher vibration levels, thus increasing the likelihood of
blade failures.

3) A largedegree of variabilityis observedfrom engine to engine.
The same is also true of the particular LEO harmonic that produces
the highest response in a given nominal engine.

4) Industrialexperiencesuggests that any loss of symmetrymight
give rise to LEO forced response. The following parameters are
thought to be the most signi� cant ones: inherent nonuniform spac-
ing of the stator blades (or throat width variation), � ow exit angle
variations, axial gap changes between the rotor and stator blades,
general unsteadiness through the engine, density variation due to
combustion effects, blade numbers through several stages, and ef-
fects due to burner variability.

5) There is little correlationbetween some experimentalobserva-
tions, although it is recognized that signi� cant measurement errors
may exist. For instance, the LEO response due to burner blockage
seems to remain unchanged in some engines, whereas it may be
signi� cantly lower or higher in other engines.
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6) On rig and engine tests, many of the highest measured re-
sponses in the running range are observed to be due to LEO exci-
tation. Such situations require expensivemodi� cations in relatively
late stages of the design cycle. Because the controlling mechanism
is poorly understood, the use of friction dampers (small devices
that dissipate energy by friction, usually placed at blade roots) to
reduce the response levels is often the only route available to the
designer.

7) It is possible that LEO excitation may in� uence or even in-
teract with LP turbine blade � utter, the latter being another aeroe-
lastic phenomenon associated with low nodal diameter assembly
modes.

8) A different type of LEO excitation, arising from inlet distor-
tions, occurs in compressor assemblies, especially in the case of
military aircraft because engines are often fuselage mounted, re-
quiring complex intakes for low observability. Because the exact
inlet geometry and other upstream obstacles are known, the predic-
tion of the ensuing response is relatively straightforward.Similarly,
the asymmetry of civil aeroengine intake ducts may create LEO
forcing and the crosswind effects may be signi� cant.

9) Finally, mechanisms other than loss symmetry may also be
responsible for LEO excitation. In both turbine and compressor
assemblies, blade number differencesacross several bladerowswill
produce low-order harmonics, though the actual amplitudes will
usually be small.

Previous forced response studies have almost exclusively dealt
with classical forced response. Chiang and Kielb,3 who present an
industrial design prediction system, also review much of the re-
search in this area. The usual approach is to solve non-linear Euler
or Navier–Stokes equations for the blade row of interest and to
simulate the disturbance (wake or potential) moving past at blade
passing velocity. Hodson4 and Giles5 used the inviscid Euler equa-
tions to predictwake–rotor interaction.Similar work is also reported
by Fransson and Pandol� 6 and by Gerolymos.7 A full stator/rotor
interaction model using Navier–Stokes equations was developed in
three dimensions by Rai.8 A study of varying the blade numbers is
reported by Korakianitis.9;10 Results from some of the cited models
are compared with experimental data in the paper by Manwearing
and Wisler.11 One of the � rst LEO forced response studies is de-
scribedby Manwearingand Kirkeng.12 The effectsof a non-uniform
temperature distributionat the LP turbine inlet were reported for an
industrial gas turbine. A review of forced response methodologies
is given by Sayma et al.,13 who also describeda state-of-the-artfor-
mulation. A large-scalemulti-blade-rownumerical model of an HP
turbine was used by Vahdati et al.14 to predict the LEO harmon-
ics arising from stator blade throat width variations. It was found
that such variationscould cause signi� cant increase in the vibration
levels.

The primary aim of this work is to understand the contribution
of each parameter to the strength of unsteady aerodynamic excita-
tion that gives rise to LEO forced response. This overall aim can
only be met if all parameters of interest are present in the model
as one is probably looking for certain combinations of the main
controllingparameters that need to be determined.Accordingly, the
main purpose of this paper is to present a systematic study of the
LEO forced response by considering the individual and combined
effects of the controlling parameters for LEO excitation, namely,
stator blade throat width variation, � ow exit angle variation, tem-
peraturedistortionat statoroutlet, blockedburners,and cooling� ow
variations.

Overview of the Aeroelasticity Methodology
The details of the unsteady � ow and aeroelasticity code that

will be used in this study have already been described by Sayma
et al.12;13;15;16 and Barakos et al.17 and will not be repeated here.
However, for the sake of completeness, a brief overview of the
aeroelasticitymodeling methodology will be given.

The � ow domain is described using general unstructured grids
of three-dimensional elements such as tetrahedra, hexahedra, and
wedges, a feature that offers great � exibility for modeling complex

shapes.The actual blade geometry is describedusing the semistruc-
tured meshing methodologyof Sbardella et al.18 The individualele-
mentscanhaveanynumberof boundaryfaces,and the � owvariables
are stored at the vertices.The numerical scheme is second-orderac-
curate in space for tetrahedralmeshes.For prismaticand hexahedral
cells, the scheme is still second-orderaccurate for regular cells with
right angles. In the worst case of a highly skewed cell, the scheme
will reduce to � rst-order accuracy.However, hexahedralmeshes are
usually generated in boundary layer, where orthogonality results in
regular cells. Similarly, prismatic cells are usually generated in a
structured manner by projecting triangular meshes on radial layers
and then connecting them. Highly skewed meshes are unlikely to
occur in these situations.

The computational domain is stored using an edge-based data
structure that results in a central difference scheme for the advec-
tion terms that is stabilized using a mixture of second- and fourth-
order matrix arti� cial dissipation. The time stepping is done in an
implicit fashion, and, hence, relatively large Courant–Friedrichs–
Lewy numbers, typically 10–30 in the current study, can be used
without creating numerical instabilities in the solution algorithm.
The so-called dual-time-stepping procedure is used for unsteady
� ow calculations.The time accuracy is guaranteed by the outer it-
eration level, where the time step is � xed throughout the solution
domain, whereas the inner iterations can be performed using tra-
ditional acceleration techniques such as local time stepping and
residual smoothing. In any case, the selection of the time step is
dictated by the physics of the phenomena under investigation. For
forced response calculations,a vibration cycle needs to be captured
with enough points, for example, about 250 per period. The code
can be run in viscous mode via Reynolds averaged Navier–Stokes
equations with Baldwin–Barth, Spalart–Allmaras or q–zeta turbu-
lence models. However, an inviscid � ow representationwas used in
the current study.

The structural model is based on a linear modal model, the mode
shapes and natural frequenciesbeing obtainedvia standard � nite el-
ement analysis techniques. The mode shapes are interpolated from
the structuralmesh onto the aerodynamicmesh because the two dis-
cretizationlevels are unlikely to be coincident.Boundary conditions
from the structuraland aerodynamicdomainsare exchangedat each
time step, and the aeroelasticmesh is moved to follow the structural
motion using a spring analogy algorithm.

Throughout the paper, the strength of the excitationwill be mon-
itored using the concept of modal force, which is the product of the
unsteady � uid pressure with a given structural mode shape. Such
a quantity, which represents the strength of the unsteady forcing in
a particular mode of vibration, can best be visualized by consider-
ing a rigid-body motion where the blade is plunging only. In this
case, the modal force can be considered to be the unsteady lift on
the blade. For a given mode, the strength of the modal force de-
pends on the pressure perturbation and the correlation between the
perturbation shape and the structural mode shape. In this particu-
lar study, modal force time histories were found to reach periodic
convergence after a few vibration cycles.

Case Studies
The case study is conducted for an HP turbine stage of a large-

diameter aero-engine.The stage has 36 stator and 90 development-
standard rotor blades with an aspect ratio of 0.4. The resonance
of interest occurs for the � rst � ap (1F)/six nodal diameter (ND)
mode, which is susceptible to six engine-order (EO) excitation at
around 98% speed. Experimental evidence indicates that signi� cant
vibration response occurs in this mode, although there is a lack of
suf� ciently accurate data relating parameter perturbation to the en-
suing responseincreasewith adequateresolution.Therefore,a range
of representativevalues will be used for the parameter studies to see
if the predicted LEO excitation will fall into the expected bands
of measured behavior. The corresponding Campbell diagram is
given in Fig. 1. Because of the matching stator/rotor bladenumbers,
wherever possible, the analysis was conducted for a typical sector
of 6 stator and 15 rotor blades (Fig. 2).
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Fig. 1 Campbell diagram showing possible LEO resonances.

Fig. 2 Typical computationalsector with 6 stator and 15 rotor blades.

Effect of Temperature Distortion
Becauseof variouscombustioneffects, the temperatureat the exit

of the combustor array is generally nonuniform, especially in the
circumferentialdirection.Another common cause of severe temper-
ature distortion is fully or partially blocked burners and this will be
investigatedlater.Here we will use a representativetemperaturedis-
tribution under “normal” operating conditions, which is measured
at the HP stator inlet (Fig. 3a). The correspondingFourier transform
at midspan is plotted in Fig. 3b. The high-orderharmonics, namely,
24, 48, and 72 EOs, are due to the actual number of burners, which
is 24. Of particular interest are the low harmonics, 4–7 EOs, whose
amplitude can be as high as 25% of the highest (24 EO) harmonic.

Once a steady-state solution was obtained, time-accurate un-
steady � ow forced responsecomputationswere started by imposing
the temperature distortion of Fig. 3 as a harmonic function of the
pitch, with no amplitude variation in the radial direction. Initially,
the peak-to-peakvariation was chosen to be 10% of the mean tem-
perature. The computation was terminated once a periodic solution
was reachedafter severalblade-passingperiods.An inspectionof the
instantaneousentropycontours revealed that the temperaturedistor-
tion was convecteddownstream, suggesting that several blade rows
downstream may be affected by nonuniform combustion effects.

The computationswere repeated for 5 and 20% temperature dis-
tortion, and the resulting periodically converged modal forces are
plotted in Fig. 4. (Mesh convergencestudies were conductedfor the
20% distortioncase by almost doublingthe mesh size,and very little
difference was observed between the two sets of results.) The am-
plitude of the modal force appears to be proportional to the amount

a)

b)

Fig. 3 TD at combustor exit and its Fourier transform at stator blade
midspan.

Fig. 4 Modal force time history for 5, 10, and 20% TD.

of temperature distortion, though it may not be possible to gener-
alize such behavior to other LEO parameters, especially for high-
perturbation levels. In any case, a closer inspectionof Fig. 4 reveals
a more signi� cant � nding: There is a phase difference between the
modal forces arising from the three temperaturedistortioncases, es-
peciallywhen the distortion amplitude is increased to 20 from 10%.
As will be demonstratedlater, such a feature has very important im-
plications when studying the combined effects because excitation
forces arising from individual parameters will either cancel each
other out (in-phase case) or will produce much larger forcing by
superposition (out-of-phasecase).
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Table 1 TW variation con� gurations: change from nominal width

Con� guration Passage 1,% Passage 2,% Passage 3,% Passage 4,% Passage 5,% Passage 6,%

TW1 C3 C3 0 0 ¡3 ¡3
TW2 0 0 C3 C3 ¡3 ¡3
TW3 C3 C3 ¡3 ¡3 0 0

Fig. 5 Modal force time history for the three TW con� gurations.

Effect of Stator Throat Width Variation
Another common cause of LEO excitation is aerodynamic mis-

tuning arising from nonidentical stator blade passages due to man-
ufacturing tolerances. Such variations, caused by manufacturing
and assembly inaccuracies, can be characterised by increasing or
decreasing the throat width (TW) between successive blades. A
passage-to-passagedifference of 3% is thought to be a representa-
tive value for the particular geometry under study. Three different
con� gurations,TW1, TW2, and TW3, will be studiedhere (Table 1).
For instance, referring to the typical sector with six stator blades,
con� gurationTW1 consistsof two blade passageswith an increased
TW of 3%, followed by two nominal passages, followed by two
passages with a decreased TW of 3%. The meshing of such a con-
� guration is not straightforwardand requires the modi� cation of the
symmetric sector mesh by “moving” the stator blades with changed
TWs. Note that TW2 and TW3 differ in phase only, whereas TW1
is effectively a mirror image. Such different con� gurations were
considered to conduct combined parameter studies.

As before, the time-accurate forced response computations were
initiated from a steady state solution of the sector model with the
modi� ed positions of the stator blades. The amplitude of the modal
force, shown in Fig. 5, is about the same as for the 10% temperature
distortioncase.More signi� cantly, as for the temperaturedistortion,
there is a phase differencebetween the modal forces corresponding
to the three stator con� gurations, con� rming the signi� cance of
relative phasing between different excitations.

Effect of Flow Exit Angle
The � ow exit angle may not be identical for all blades because

of manufacturing and assembly tolerances. The typical sector of 6
stator and 15 rotor blades was also used for this study. As before,
three different con� gurations, trailing edge TE1, TE2, and TE3,
were studied by “rotating” individual blades by 0.3 deg about their
midchordpoint.Such a value is consideredto be within the expected
rangeof � ow exit angle variation.The magnitudeof the modal force
was found to be about the same as that for TW variations.

Effect of Blocked Burners
Althoughit is well establishedthat fullyor partiallyblockedburn-

ers create signi� cant temperature distortions, the determination of

Fig. 6 Temperature contours at the tip section for con� guration
BB-1-2.

the resulting LEO harmonics is not straightforward. Nevertheless,
during rig tests, it is standard practice to block a number of burners
and to try to assess the maximum LEO excitation.

The numerical simulation of an unsteady � ow for an arbitrary
number and position of blocked burners is not an easy task because
whole-annulusmodels need to be used due to lack of symmetry.Fur-
thermore, an accurate representationof the � ow� eld arising from a
blockedburner requires the modeling of the combustors,a multidis-
ciplinary problem that has not been fully solved yet for industrial
con� gurations.19 As shown in Fig. 6, the sector model of Fig. 2 was
extendedto a whole-annulusrepresentationand measurement-based
boundaryconditions,the so-calledcold streaks,were imposedat the
HP nozzle guide vane (NGV) inlet. Strictly speaking, the blockage
of a burner will affect not only the temperature but also the total
pressure and � ow angle. However, here we will consider the tem-
peraturedistortiononly and assume that the static and total pressure
remain constant.

Here our aim is to determine the worst blocked burner con� gura-
tion, giving rise to the highest low EO harmonic between 4 and 7.
The total number of burners is 24. For the particular con� guration
under study, harmonics below 4 and above 7 are out of the engine
runningconditionsfor the resonanceof the 1F/6ND vibrationmode.
Three different blocked burner (BB) patterns, BB-1-2, BB-1-2-13,
and BB-1-13, were de� ned initially, the numbers referring to the po-
sitions of the blocked burners. A fourth con� guration, BB-1-13C,
was also studiedby giving the two “cold spots”of con� gurationBB-
1-13 a smaller circular-shapeblockage.Such patternswere selected
in the light of various industrialpracticesfor engine endurancetests,
although no establishedstandards could be found. A spatial Fourier
transform of each blockage pattern will reveal the harmonics that
will be present in the excitation, although the magnitude can only
be determined with an unsteady � ow computation. For instance,
pattern BB-1-2 will excite all harmonics, whereas pattern BB-1-13
will generate even-order harmonics only.

The LEO forced responsecalculationswere conductedby includ-
ing the � rst 10 nodal diameter assembly modes arising from the � rst
blade mode (1F). The whole-annulusstator/rotor domain contained
about 4.5 million points and the time step was chosen such that
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Fig. 7 Amplitude of modal forces for different BB con� gurations.

Fig. 8 Rotor blade temperature distribution with cooling � ow.

the period of main blade-passing harmonic, 36 EO excitation, was
de� ned with 40 points. The 6 EO harmonic, which is of main inter-
est, will then be captured with 240 points, providinggood temporal
resolution. The total simulated time is over 1.5 full rotor revolu-
tions. Each computation, run in parallel mode, took about 3 days
(wall-clock time) on 16 R10000 CPUs of an SGi computer. The
maximum modal force amplitudeof the � rst 10 harmonics is shown
in Fig. 7 for each of the four con� gurations. It is easily seen that
pattern BB-1-13 produces the highest excitation levels. The actual
shape and size of the cold spot are observed to be important param-
eters because the modal force amplitudes are markedly different for
con� gurations BB-1-13 and BB-1-13C.

Effect of Cooling Flow Nonuniformities
The combustor exit temperature may be as high as 2000 K, and

the HP turbinecannotoperatewithouta coolingmechanism. Indeed,
the cooling � ow can be as much as 10% of the main � ow. Although
it is almost certain that there are signi� cant cooling � ow changes
between the blades, the quanti� cation of such nonuniformities is
not straightforward. The cooling ef� ciency variation between the
blades cannot be assessed easily, and the ensuing effects on blade
forcing are totally unknown.Here the aim is to use a simple cooling
� ow model with a view to estimate the forcing effect, rather than to
investigate the cooling ef� ciency on the blade surface.

The cooling � ow injection was modeled via speci� c boundary
conditionsat the blade surface.The coolant temperatureand normal
velocity were speci� ed as input. The cooling � ow was assumed to
impinge into the main � ow at 90 deg. Therefore, only the normal

Fig. 9 Total temperature at NGV exit (75% height) with and without
cooling.

momentum and the mass source terms were consideredat the blade
surface. In the particular case studied, the injection velocity was
perturbed by up to 50% by imposing a 6 EO distortion. The total
temperature distribution for the rotor domain is plotted in Fig. 8,
an inspection of which reveals the presence of a � lm of cold air
along the blade. With the imposed cooling � ow perturbation, it was
found that the mean valueof the � ow exit anglehad shifted by about
0.7 deg. The total temperature distribution at 75% NGV height is
plotted in Fig. 9 for three cases: no cooling, uniform cooling, and
6 EO distortionon cooling� ow. As expected,there is no temperature
variation across the pitch for the no-cooling � ow case. On the other
hand, when the cooling � ow is uniform, the temperaturevariation is
periodicwith respect to each pitch. However,when the cooling � ow
is perturbed, the temperature variation deviates from this pattern,
thus creating additional excitation harmonics. For the case under
study, the 1F/6ND modal force reaches a normalized amplitude of
about 800, the highest value for the parametric studies reported in
this paper.

Study of Combined Effects
TW Variation and Temperature Distortion

In an aeroengine, most LEO excitation sources coexist together,
and hence, it is very important to be able to assess if the combined
effects can be inferred from the study of individual effects. Here
we will focus on combined temperature distortion and TW varia-
tion effects because these are likely to be present in most situations.
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Fig. 10 Modal force time history for the three stator TW con� gura-
tions plus TD10.

Because a detailed parametric study is likely to require massive
computational resources, only a few combinations will be studied
to establish general qualitative trends. The 10% temperature distor-
tion (TD) case, TD10, was considered with each one of the earlier
TW variationcon� gurations,de� ned in Table1. The resultingmodal
forces, plotted in Fig. 10, show a somewhat unexpected trend. It is
seen that the amplitude of the modal force is much higher for con-
� gurations TW1 and TW2 than that for con� guration TW3 in the
presence of 10% TD. Because the modal force amplitude remains
the same in all three TW variation cases when considered in iso-
lation, the addition of the same TD might have been expected to
produce similar modal force levels, which clearly is not the case
here. However, as can be seen from Fig. 10, there is a signi� cant
phase difference between the three cases. Therefore, the amplitude
of the total modal force will be governed by the phase differences
between the modal forces due to individual excitations. This is a
very important result because it can perhaps explain the marked
LEO excitation differences between nominally identical engines.
Both the TW variation and the TDs are likely to vary from engine to
engine. Such a � nding is very dif� cult to verify experimentally be-
cause of the lack of detailed information with existing documented
case histories.

Further Combined Effects
A large number of combined parameter cases were studied using

the typical stage sector of Fig. 2 with 6 stator and 15 rotor blades.
The general trend will be illustrated by means of the following two
examples: 1) temperatureperturbationand � ow exit angle variation
(case TD10 plus case TE1) and 2) b) � ow exit angle variation and
TW variation (case TE2 plus case TW2).

The modal forces for the individualand combined cases are plot-
ted in Figs. 11a and 11b. It is immediately seen that, as before, the
phase between the modal forces of the individual cases is a key fac-
tor in governing the total excitation levels. For instance, Fig. 11a
shows that the forcing due to combined TD10 plus TE3 effects is
signi� cantly lower than that for the individual components because
these are out-of-phasewith each other. On the other hand, Fig. 11b
reveals a higher modal force for the combined case because the
individual components are almost in-phase. In summary, the total
excitation arising from the combined effects can be higher or lower
than the forcing due to individual components, the key parame-
ter being the phase difference between these components. In spite
of considering several cases, it has not been possible to identify a
pattern from which such phase changes can be inferred. As a result
certain parametercombinations,such as one BB, plus TW variation,
plus cooling � ow variation, should probably studied together.

Wave-Splitting Analysis
The results of the preceding section indicate that the modal force

due to the combined effects is determined by the phasing between

a) Combined TD 10 plus TE1 less than individual TD 10 and TE1

b) Combined TE2 plus TW2 greater than individual TE2 and TW2

Fig. 11 1F/6ND modal forcing for individual and combined
parameters.

the individual excitations. Here we will study how each individ-
ual excitation contributestoward the elementary wave components,
namely, entropy, vorticity, and potential. The elementary waves can
be extracted from the steady-state � ow at the NGV outlet using
Goldstein’s splitting theorem.20 Figure 12 shows the wave decom-
position for the TD10 case. There is a vorticity wave at the out� ow,
the phase differencebetween the vorticity and entropy waves being
about180 deg. The vorticitywave is due to velocity� uctuationscre-
atedby TD, with hottergashavinga highervelocity.Because there is
no change in the � ow geometry, the amplitude of the pressure wave
is nearly zero. As can be seen from Fig. 13, in the case of TW vari-
ation, there is no entropy wave. However, the vortical and pressure
waves are of similar amplitude and have very similar phase. What is
of interest here is the way the elementarywaves are added under the
combined effects. The wave split for the combined effects is shown
in Fig. 14 for TD10 plus TW2. It is seen that the entropy wave from
TD10 and the pressurewave from TW2 remain unchanged.Because
only the vorticity wave appears to change as the result of LEO pa-
rameter interactions, the vorticity wave only is plotted in Fig. 15
for all three cases, namely, TW2, TD10, and TD10 plus TW2. Also
plotted in Fig. 15 is the sum of the TD10 and TW2 vorticity waves,
obtained by consideringboth the amplitude and the phase. It is seen
that the vorticity wave from the combined case is almost identical
to the sum of the individual vorticity waves, indicating that that the
pressureandentropywaves arenot importantfor this particularcase.
However, other cases, not reported here, showed that the sum of the
individual vorticity waves could be signi� cantly different from the
vorticity wave of the combined case. Such a � nding suggests that
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Fig. 12 Wave splitting for case TD10, amplitude and phase.

Fig. 13 Wave splitting for case TW2, amplitude and phase.

Fig. 14 Wave splitting for TD10 plus TW2, amplitude and phase.

Fig. 15 Individual, linearly-superimposed (LS) and combined-case
(CS) vorticity waves for TD10 plus TW2, amplitude and phase.
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Table 2 Zero-to-peak modal force and actual displacement values for various computations

Response normalized
Normalized to equivalent

Case force blade-passing amplitude

5% TD, TD5 110 0.50
10% TD, TD10 220 1.00
20% TD, TD20 500 2.50
0.3 deg � ow exit angle variation, 160–200 0.80–0.95

con� gurations TE1, TE2, TE3
3% TW variation, con� gurations TW1, TW2, TW3 200–220 0.90–1.00
Cooling � ow variation 800 3.70
B con� guration 1 (1 and 2 blocked) 125 0.60
B con� guration 2 (1, 2, and 13 blocked) 180 0.90
B con� guration 3, (1 and 13 blocked) 240 1.20
Blocked burner con� guration (Nos 1 & 13 80 0.35

blocked smaller footprint)
TW1 plus TD10 390 1.80
TW2 plus TD10 460 2.10
TW3 plus TD10 200 0.90
TD10 plus TE1 160 0.75
TD10 plus TW2 400 1.80
TE1 plus TW2 200 0.90
TE2 plus TW2 380 1.75

combined effects cannot always be deduced from knowledge of the
individualcases.As a result, a nonlinearmodel, where all parameter
perturbationsare representedsimultaneously, is likely to be needed
to determine the vibration response to combined parameter cases.

Overview of Results and Comparison with
Blade-Passing Excitation

The direct comparison of LEO response predictions with exper-
imental data is a very dif� cult undertaking because of the need to
quantity the variability of the controlling parameters such as throat
width, � ow exit angle, temperature distortion, etc. The values used
in this numerical study are believed to be representative of varia-
tions that might be encountered in typical aeroengines.The matter
is further complicatedby the fact that is often impracticable to vary
a single parameter only in actual engine assemblies. For instance,
groups of NGV are often assembled around the annulus with gaps
between them � lled with a � exible material.Under operatingcondi-
tions, uneven expansionof such gaps is likely to cause variations in
the stator exit � ow. For two different NGV con� gurations in terms
of vane numbers and groupings,experimentalevidence from devel-
opment enginesseems to link the numberof vanes separatedby gaps
to the actual order of the excitation. However, the two con� gura-
tions for which limited data are available have different numbers of
burners, and so a direct comparison between them is not possible.
Furthermore, the actual amount of passage-to-passage variations
due to gap expansion cannot be quanti� ed accurately under oper-
ating conditions. In any case, for EO 1–4, the LEO response was
found to be about50% of the correspondingblade-passingresponse,
reducing to about 25% for orders 5–8. Here, the predicted response
increase due to throat width and � ow angle effects is about twice
as high (about 100%), but some hardware details and the operating
conditions are different. In another experimental study, measure-
ments from development-enginetest rigs showed a strong correla-
tion with LEO response increase and burner blockage, the vibration
levels being usually comparable to those from blade-passing exci-
tation. Such an observation is consistent with the � ndings of the
current numerical study. Finally, cooling � ow variations are some-
times linked to very signi� cant response increases, but there are
no reliable experimental data, mainly because of the dif� culties of
quantifying cooling � ow variations under operating conditions.

The numerical results of the precedingsection are summarized in
Table 2, where the normalized modal force for the 1F/6ND mode is
listed for all cases studied. Also listed in Table 2 are the LEO dis-
placementvalues,which are normalizedwith respect to the resonant
amplitude arising from the main blade-passing excitation. A direct
comparison is not possible because, at the same speed, the 36 EO

blade-passing forcing will excite the � rst torsion 1T/36ND mode
and not the 1F/6ND mode. Furthermore, a structuraldamping value
of Q D 50 is assumed for both 1F/6EO and 1T/36EO modes. The
values in the third column of Table 2 range between 0.5 and 3.70,
indicating that the LEO response is not dissimilar to the equivalent
blade-passing response, although it is stressed that the comparison
requiresconsiderableengineeringjudgement.In anycase,giventhat
there are large uncertaintieswith the quanti� cation of the parameter
perturbation levels and the assessment of damping under operat-
ing conditions, it may be concluded that blade-passing and LEO
forced response amplitudes are comparable, a � nding that is in line
with observations during engine rig tests. However, it is possible
that particular combinations of controlling parameters may yield
signi� cantly higher LEO forced response.

Conclusions
There are two types of LEO excitation. The � rst type can be

classi� ed as deterministic because it arises from given known con-
ditions, such as inlet distortionfor military enginesor blade number
differences in multistage assemblies. The second type, due to small
con� guration differences, is much less foreseeable because of the
unknown variability of the controlling parameters. This paper has
been focused on the latter, and the following observations can be
made.

1) Broadly speaking, for a given parameter, the LEO forcing
increase appears to be proportional to the amount of perturbation
in that parameter, although more studies are needed to con� rm this
� nding, especially for high levels of perturbation. Regarding the
worst BB con� guration, the blocking of two consecutive burners
appears to produce the largest response levels, although the results
depend on the actual de� nition of the cold spots.

2) It is dif� cult to determine the most critical LEO excitation
because the quanti� cation of the parameter variation levels is not
straightforward.When is assumed that the distributionsused in this
study are representative of engine conditions, it can be concluded
that 10% TD, 3% TW variation,0.3-deg � ow angle variation,or the
blocking of two consecutive burners are likely to produce the same
vibration levels. Although the cooling � ow effects are seen to be the
largest, the imposed 50% velocity variation is probably an upper
limit. Again, a variation of 10% is likely to give similar response
levels.

3) It has been found that knowledgeof individualexcitationcases
is not suf� cient for determining the response levelsdue to combined
effects by simple linear superposition. Such nonlinear behavior is
also exhibited when adding the elementary pressure, vorticity, and
entropy waves arising from individual excitation cases, although
more work is needed to explain the exact physical mechanisms. In
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any case, the relative phase between individual excitation sources
is a key factor for the overall excitation levels. Such a � nding is
consistent with the markedly different LEO response behavior of
nominally identicalenginesbecausethe variationsof the controlling
parameters are likely to be different from engine to engine.

4) A ballpark comparison of the blade-passing and LEO forced
response suggests similar vibration levels in both cases. Such a
� nding is consistentwith currentengineexperience,which indicates
that abouthalfof the high-cyclefatigueproblemsare causedby LEO
response.
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